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Born-Infeld electromagnetic waves interacting with a static magnetic background are studied in an 
expanding universe. The non- linear character of Born-Infeld electrodynamics modifies the relation 
between the energy flux and the distance to the source, which gains a new dependence on the redshift 
that is governed by the background field. We compute the luminosity distance as a function of the 
redshift and compare with Maxwellian curves for supernovae type la. 



I. INTRODUCTION 



The discovery of an unexpected diminution in the ob- 
served energy fluxes coming from supernovae type la [l[ , 
which are thought of as standard candles, has been inter- 
preted in the context of the standard cosmological model 
as evidence for an accelerating universe dominated by 
something called dark energy. This fact is one of the 
most puzzling and deepest problems in cosmology and 
fundamental physics today. Although the cosmological 
constant seems to be the simplest explanation for the 
phenomenon, several dynamical scenarios have been tried 
out (see, for instance, [2j and references therein). It is 
worthwhile to emphasize that the evidence for an accel- 
erating universe mainly relies on energy flux measure- 
ments for type la supernovae at different values of cos- 
mological redshifts. They provide the most direct and 
consistent way to determine the recent expansion his- 
tory of the universe. Nevertheless the relation between 
the cosmological redshift and the energy flux for a point- 
like source involves not only the evolution of the universe 
during the light journey but some assumptions about the 
nature of the light itself. Customarily, one accepts the 
linear Maxwell theory to describe the light propagation, 
where light propagates without interacting with other 
electric or magnetic fields. However, in the context of 
non-linear electrodynamics the interaction between the 
light emitted from such distant sources and cosmological 
magnetic backgrounds modifies the relation between the 
redshift and the flux of energy, ff this kind of effect were 
not correctly interpreted it could lead to an erroneous 
conclusion about the expansion history of the universe. 
Concretely, an effect coming from non-linear electrody- 
namics could explain the curves of luminosity distance 
vs redshift for type la supernovae without invoking dark 
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energy. This remark drives us to study the propagation 
of non-linear electromagnetic waves in an expanding uni- 
verse with a magnetic background. We will benefit from 
recently obtained results for Born-Infeld electromagnetic 
plane waves propagating in a magnetic uniform back- 
ground in Minkowski space-time [Si. 

Born-Infeld electrodynamics 0,0] is a non-linear the- 
ory for the electromagnetic field F^ v governed by the 
Lagrangian 




where b is a new fundamental constant and S and P are 
the scalar and pseudoscalar field invariants 

S = -F^ v P = 1 *F fiU F flv (2) 

(in Minkowski space-time it is 2S = |B| 2 - |E| 2 and 
P = E ■ B, E and B being the electric and magnetic 
fields respectively). Born-Infeld electrodynamics goes to 
Maxwell electromagnetism when b — > oo. In particular, 
the Born-Infeld field of a point-like charge reaches the fi- 
nite value b at the charge position and becomes Coulom- 
bian far from the charge. Born-Infeld theory is the only 
non-linear spin 1 field theory displaying causal propaga- 
tion and absence of birefringence @, 0] • 

Nowadays, Born-Infeld theory is reborn in the con- 
text of superstrings because Born-Infeld-like Lagrangians 
emerge in the low energy limit of string theories 0]. 
Born-Infeld-like Lagrangians have been also proposed to 
describe a matter dynamics able to drive the universe 
to an accelerated expansion [9]. In spite of this revival 
of Born-Infeld's ideas, there is no experimental evidence 
for Born-Infeld effects in electrodynamics: the value of b 
remains unknown (see an upper bound for b in [l9|). 

In the next section we will summarize the recently 
obtained results on Born-Infeld waves propagating in 
Minkowski space-time in the presence of a uniform mag- 
netic background [3|. These results -properly adapted- 
will be used in section III to understand the Born-Infeld 
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energy flux coming from a point-like source in a spa- 
tially flat Friedman-Robertson- Walker (FRW) expand- 
ing universe. In section IV we will reformulate the rela- 
tion between the luminosity distance and the rcdshift 
z within the framework of Born- Infold electrodynamics. 
We will show that the presence of magnetic backgrounds 
modify the curves g?z, vsz, and we will analyze the conse- 
quences for the measurements of the luminosity distance 
of supernovae type la. 



II. BORN-INFELD PLANE WAVES IN 
MINKOWSKI SPACE-TIME REVISITED 

Free Born-Infeld electromagnetic plane waves do not 
differ from Maxwell plane waves. However, if the wave 
propagates in the presence of background fields then the 
propagation velocity becomes lower than c as a conse- 
quence of the non-linearity of the theory. This issue has 
been studied in @, [M [II 111 El El by considering the 
propagation of discontinuities. Recently the exact solu- 
tion for a Born-Infeld electromagnetic plane wave propa- 
gating in a static uniform magnetic background has been 
obtained [|[ . The result retrieves the value for the phase 
velocity obtained in the above mentioned references: 
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where B = Bl x + Bb y + Be z is the background field 
and Bl is its component along the propagation direction. 

Furthermore, the results of [|[ exhibit an up to now 
unknown feature: the wave develops a longitudinal elec- 
tric field which depends on Bl and Be (the projection 
of the background field B on the polarization direction) . 
In fact, the total electric and magnetic fields result 



E = /3 E wave (Oz + E long (0 , 
B = -E wave (£) y + B 



(4) 



where E wave (£) is the (usual) transversal electric field of 
the wave, and £ = x — fit is its phase. The longitudinal 
electric field of the wave is 
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oo). As a con- 
sequence, the Poynting vector S acquires a component 
transverse to the propagation direction. In Born-Infeld 
electrodynamics the Poynting vector results 
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For a wave E wave = E a cos(x — fit) the time averaged 
values of the transversal and longitudinal components of 
the Poynting vector associated with the field (U are 
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Notice that the transversal part of < S > is parallel to the 
transversal background field B^. The angle a between 
the ray and the propagation direction is 
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Although this effect resembles the behavior of the ex- 
traordinary ray in anisotropic media, it should be em- 
phasized that no birefringence exists in this case, which 
is a distinctive feature of Born-Infeld non-linear electro- 
dynamics @, EH- 

In Born-Infeld electrodynamics the energy density is 



4 7T 



1 



v/l + 6- 2 (|B| 2 -|EP) 



(E-B) 2 



(10) 

Then, the time averaged energy density associated with 
the wave is 
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The above enumerated properties provides the rules to 
propagate Born-Infeld light rays in the presence of static 
uniform magnetic backgrounds. 



III. BORN-INFELD PLANE WAVES IN AN 
EXPANDING FLAT FRW UNIVERSE 

In this section we will study the energy flux of Born- 
Infeld waves propagating in a spatially flat FRW expand- 
ing universe, 



ds 2 = a(r)) 2 (dr] 2 - dx 2 - dy 2 - dz 2 ) 



(12) 



The conformal time rj is related with the cosmological 
time t (the proper time of the comoving fluid) through 
the equation dt — a(r/) drj. The energy- momentum con- 
servation laws, T^ v . v — 0, can be written as 



For the geometry (fT2")l it is T° p = a < 
energy balance becomes 

a ~ 2 K T o°] o + fl2 T o% - a <° a T = 



(13) 



thus the 



(14) 
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where a = 1,2,3 and T = T ^ is the trace of the energy- 
momentum tensor. We will use (TH)) to study electro- 
magnetic waves propagating in a magnetic background; 
so, Tq in p4p includes both the wave and the background 
fields. In Maxwell electromagnetism the trace T is iden- 
tically null. As a consequence, if {Tq } m solves (fl4| in 
Minkowski space-time (a = constant) then {Tq} frw = 
a(n)- 4 {Tft} M will solve (HD in the spatially fiat FRW 
universe. Since Maxwell energy-momentum tensor is 
quadratic in the fields, the former assertion means that 
the Maxwell fields scale with the factor a(n)~ 2 . This 
general conclusion is applicable to the particular case of 
a wave propagating in a magnetic background. 

On the contrary, T is non-null in Born-Infeld elec- 
trodynamics. Thus, the scaling of Tq with the factor 
0,(77) ~ 4 does not guarantee the fulfillment of HH). An ad- 
ditional correction is needed, which must vanish in the 
limit 6 — * 00. We will search this correction to the lowest 
order in b~ 2 for the Born-Infeld plane wave propagat- 
ing in a magnetic background, whose main features were 
depicted in section II. Of course, we will assume that 
the magnetic background do not sensitively affects the 
homogeneity and isotropy of the space-time dominated 
by matter and (presumably) dark energy, because the 
energy density of the background field is negligible com- 
pared with matter and cosmological constant densities (a 
typical value for this field is 10 _7 G). 

Since we are going to consider the lowest order correc- 
tion in b~ 2 for the magnitudes described in section II such 
as ©, (|7|), © and (fTTj) , we remark that any magnitude 
of this order or bigger will only require the Maxwellian 
scaling of the fields with the factor a(n)~ 2 . In the case 
of the propagation velocity J5| th e correction can also be 
obtained from the results infill [l2j , where it is shown 
that the equation accomplished by the wave four-vector 
can be understood as if the rays propagate along null 
geodesies of an effective metric g^ u . In the case of the 
Born-Infeld electrodynamics the effective metric g^ is: 
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where g^ is the space-time metric and F MV is the electro- 
magnetic background where the ray propagates, in this 
case the components of the background are, 

F xy — —Be, F yz — — £>l, F xz = Bb (16) 
For a ray propagating along the x direction it is 



ds 2 = g vr] drf + g xx dx 2 = => ^f- = J-^- (17) 



dx 
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When the effective metric (|15|) is evaluated for the mag- 
netic background (fTB]) it results 
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Thus, it is obtained 
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By integrating the ray path in (| 1 T[) we recognize that the 
phase £ has to be replaced with 



f3(r) ) dn' 
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(compare with the adiabatic treatment for an oscillator 
with slowly variable frequency [HI, HH). Notice that, 
since d£/dx = 1 and d^/dn = —(3 as in Minkowski space- 
time, then the derivatives of in (] 14[) will preserve their 
Minkowskian structure. The trace of the Born-Infeld 
energy-momentum tensor is (see for instance 01) 
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and scales with 0(77) 8 . Let us consider a solution {Tq} m 
for the Born-Infeld field in Minkowski space-time; i.e., 



{ T o°} M o + { T o*} M a = (for the case under considera- 
tion, {T °} M is the energy density [fTl]). and {Ttf} M are 
the components of the Poynting vector ([32])). As stated 
above, the scaling of the fields with a(n)~ 2 is not enough 
to get a solution for (TH| . since the term associated with 
the trace is now non-null. As the trace is of order b~ 2 , 
only Tq has to be corrected in (fTl)) . So, let us try with 



the scaling {T^} FRW = (1 
replacing in (|14p we obtain 
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Since the trace is of order b~ 2 , then S, P and p 
can be computed with the Maxwellian fields. The time 
averaged trace for a plane wave traveling in a magnetic 
background is Q 



< {T} M > 



Thus e results 
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LUMINOSITY DISTANCE FOR A 
POINT-LIKE SOURCE 
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According to the results of previous section, we should 
correct the Minkowskian Poynting vector {7}, © with 
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the factor (1 — ea 4 b 2 ) a 4 [2(J. Thus the energy flux 
along the propagation direction is 
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where A B = 2B\ — B 2 E + + j s positive. Ac- 

tually we are interested in light rays emitted from point- 
like sources in the universe. When a light ray travels in 
the intergalactic space, it undergoes a background mag- 
netic field in different regions of the traveled path. In 
such case, the values of B, Be, etc. implied in the prop- 
agation should be taken as representative values of the 
intergalactic background field along the ray trajectory; 
so Ab is a magnitude of the same order as the represen- 
tative squared intergalactic field. 

For a radial propagation the Minkowskian spherical 
energy flux is obtained from the plane flux by dividing 
by the square of the radial distance to the source r 2 = 
x 2 + y 2 + z 2 . Therefore the radial energy flux in a FRW 
spatially flat universe becomes 



In order to relate the luminosity distance with the red- 
shift let us consider the motion of a ray: dr — (3(rj) drj. 
So, if a ray is emitted at time r] e from a source located 
at r = 0, and arrives at time rj to the position r Q of the 
observer, then the wavecrest emitted at time r/ e + Sr] e will 
arrive at the observer at time r/ + 6r]o, in such a way that 
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or, equivalcntly 
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Thus p e 5rj e = (3 5r) a , i.e. f3 e a e 1 St e — (3 a l St a . there- 
fore the rcdshift is 
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By inverting this relation one obtains 
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In Maxwell electrodynamics the background field does 
not interfere with the wave, but in non-linear Born- Infold 
electrodynamics the first correction in (|27|) displays a 
coupling between the wave and the background magnetic 
field. The luminosity of an object results from integrat- 
ing the flux at the time of emision ?y e , this integration 
normalizes E a to fit the value of the luminosity L. By 
using (|27p one obtains 
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Combining (|2"7| and (|28[) the energy flux can be written 
as 
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The luminosity distance dh is defined as (see for instance 



dr 2 = 



L 



(30) 



where 3 is the flux measured at time r\ at the position 
of the observer r Q (the source is at r = 0). Therefore 



This quotient is one of the components in the luminosity 
distance pij) . The other one is the proper distance a r . 
This distance depends on how the universe evolves. In 
fact, following the motion of the ray, it results 



a (3(r))dr) 



a (3{z') 



' T dz' 



(36) 



where z' is the redshift of a wave emitted at time t <t a . 
One can replace dz' /dt in terms of the Hubble parameter 
H = ~ = 4t ^°s(lT^) ^ performing the derivative of 
the logarithm of (f35|) . 
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Einstein equations say that the Hubble parameter for a 
spatially flat universe dominated by matter and cosmo- 
logical constant is [ItJ 
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where Q m and are the contributions from matter and 
cosmological constant to the total density of the universe 
(so we are considering here Sl m + fl\ = 1). From |35|) 
one knows that 



H{zf 
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n A (40) 



Therefore the proper distance (|38j) times the present 
Hubble parameter results 



H a a r a 
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By replacing this integral in (|3 1 [) and combining it with 
(|35l) . the luminosity distance turns out to be 




FIG. 1: Luminosity distance correction F(z) for three dif- 
ferent sets of (fi m ,f2A). If z > z r the correction becomes 
negative (z r is the zero of F(z)). 
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In (|42j) the last two terms containing Jl and charac- 
terizes the correction to the luminosity distance coming 
from the background magnetic field at the considered or- 
der [2l[. The factor multiplying the third term, B ± "L^ 5 , 

is negative. The functions and <7l(z) depends on 

Q m and f^A- In order to analyze the extra terms in the lu- 
minosity distance we will display the case where the three 
components of the representative magnetic background 
are equal. Calling these components B and replacing in 
we obtain: 



H d L ~{l + z)f L {z) + 
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where 



F(z) = 6 (l +z )g L ( z )-l(l +z ) [(l + z f - l] f L (z) (46) 

Figure Q] shows the behavior of F(z) for three different 
models. If f2 m = then F[z) has a maximum at z = 0.35 
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FIG. 2: Luminosity distance times the present Hubble param- 
eter for three different sets of (fi m , ft a) (2^7 — 5 x 10 -3 ). 



and becomes negative when z > z r — 0.54, if Q m = 0.3 
F(z) has a maximum at z = 0.26 and becomes negative 
when z > z r = 0.43 and if O m = 1 then F(z) has a 
maximum at z — 0.21 and becomes negative when z > 
z r = 0.35. It can be seen that the lower f2 m the higher 

Figure [2] displays the luminosity distance times the 
present Hubble parameter |42|) for the three cases consid- 
ered in Fig[T] (we have chosen 2 ^ b2 = 5 x 10 ~ 3 ). When 

, 3B 2 , 



2a^b 2 

z <C 1 the leading terms in (|4"5"j) are H dh — z (1 + ^377 )■ 
So the slope at low redshift gets a contribution com- 
ing from the background field. Figure [3] compares the 
low redshift behavior of standard cosmology = 0.7, 
Q m — 0.3, b — > 00) with the one of Born-Infeld electrody- 
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FIG. 3: Low redshift behaviors of ordinary (Maxwellian) cos- 
mologies (solid lines) compared with Born-Infeld electrody- 
namics models without cosmological constant. 



namics models without cosmological constant (O ro = 1). 
Notably the observations vs z can be well fitted with- 

R 2 

out using cosmological constant by choosing 2 ^ fc2 ~ 0.05. 
In order to better appreciate the role of Born-Infeld elec- 
trodynamics in these curves, Fig[3]also includes the curve 
resulting from an ordinary (Maxwellian) cosmology with 
TO = 1. Although non-linear electrodynamics effects 
could explain the curves of luminosity distance vs red- 
shift for type la supernovae [lj without invoking dark 
energy, one should be cautious. Accepting a typical 
value of 10 _7 G [22j for the cosmological background mag- 
netic field |B Q | = B /a 2 a 18j, together with the constraint 
b > 10 20 V/m for the Born-Infeld parameter fl9| . then 
the corrections to the standard cosmology would be neg- 
ligible. Even so, non-linear electrodynamics should be 
considered as a source of degeneration in the curve 4 vs 
z. Figure H] compares the curve of the standard cosmol- 
ogy (^ TO = 0.3, f^A = 0.7, b — > oo) with the one resulting 
from Born-Infeld electrodynamics for the same values of 
fl m and Q\. The curves intersect at z r = 0.43. If z < z r 
the curves get their maximum separation at z = 0.26. If 
z > z r the luminosity distance predicted by Born-Infeld 
electrodynamics becomes smaller than the one from stan- 
dard cosmology. In this last case the curves seem to go 
dramatically apart (however this feature should be con- 
firmed by extending the calculus up to a higher order of 
approximation) . The degree of separation of both curves 
is governed by the value of 2 4.5 ■ Future observations 
could allow a test of these features to obtain a constraint 
for this value. 



V. CONCLUSIONS 

In this paper we have solved the Born-Infeld equa- 
tions for electromagnetic plane waves propagating in a 



0.25 0.3 0.35 0.4 0.45 0.5 0.55 

Redshift z 

FIG. 4: Luminosity distance times the present Hubble pa- 
rameter for fl m — 0.3, S1a = 0.7. Comparison between 
Maxwell (dashed line) and Born-Infeld (solid line) electro- 
dynamics (prj = 5 X 10~ 3 ). 



background magnetic field. In the absence of a back- 
ground field, the Born-Infeld plane waves are equal to 
the Maxwell ones. On the contrary, in the presence of a 
background magnetic field B the non-linear effects mod- 
ify both the phase and the amplitude of the wave with 
corrections that depend on the combination |B| 2 a~ 4 &~ 2 , 
where a is the scale factor of the universe. It is remark- 
able that Born-Infeld electrodynamics depends on a and 
b only through the combination a 4 6 2 . This means that 
the Maxwellian approximation (b — > oo) also corresponds 
to the limit a — > oo. So, although the electromagnetic 
field is presently well described by Maxwell equations for 
a wide range of phenomena, the non-linear Born-Infeld 
electrodynamics could have an influence in the past when 
the scale factor was smaller. Therefore the expanding 
universe is a good laboratory to test Born-Infeld electro- 
dynamics; many non-linear aspects of its equations could 
be relevant when highly redshifted objects are observed. 

In this work we have begun the search for this kind 
of effects. We found that the influence of Born-Infeld 
electrodynamics on the luminosity distance (|45[) exhibits 
interesting features that could be experimentally estab- 
lished by means of more precise supernova observations 
and a better knowledge of the cosmological background 
fields. Firstly, the experimental data for vs z could 
be fitted without invoking dark energy, although there 
is no observational evidence of the background field that 
would be required. Secondly, the shape of the curve dh 
vs z predicted by the standard cosmology (Q m = 0.3, 
Qjs. = 0.7, b — ► oo) for high redshifts differs appreciably 
from the one predicted by Born-Infeld electrodynamics, 
which opens the possibility of detecting non-linear elec- 
trodynamics effects in a future. 
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